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Typical Notation

v ; v” More

divergence la-{-gr B

gradient

Gradient operator:

g 0 0
V= <(‘9:131’8x2’”. ’(‘9—%>

ttp://www.gamasutra.com/db_area/images/feature/4 | 64/figy.png, https://en.wikipedia.org/wiki/Gradient




Positivity, Self-Adjointness

() € C(Q) = floa = 0}

“Dirichlet boundary conditions™
LIf]=-Af
(1) = [ Sa)gle) do

On board:
I Positive: (f, L[f]) >0

2. Self-adjoint:  (f. L]g]) = (L|f], 9)

) C R?




Proof

Proof of 1
(L LD =J f(=V-Vf) dV:J
Q

0Q2

f(—Vf-ﬁ’)dS+J

Vf- Vde=[ VI-VfdV >0
Q

Q

where the second equality follows from Green formula, and the third equality follows
from f |ag =0

Proof of 2

(f, Zl1gl) =[ J(=V-Vg) dV=[ f(=Vg-n) dS+[ Vf-Vg dV=J Vf-VgdV
Q 0Q Q Q

where the second equality follows from Green formula, and the third equality follows

from f|,, =0

Similarly, (Z[f],g) = [ Vg-VfdVv
Q

It also shows (f, Zlg]) = J Vf-VgdV
Q



Laplacian(-Bertrami) Operator Diagonalizable!

Theorem. Let H # 0 be an infinite-dimensional,
separable Hilbert space and let K € L(H) be compact
and self-adjoint. Then, there exists a countable
orthonormal basis of H consisting of eigenvectors of K.

/,‘% N Hilbert space: Space with inner product
40" _ N\ Separable: Admits countable, dense subset
‘\ ' Compact operator: Bounded sets to relatively compact sets

- Self-adjoint: (Kv,w) = (v, Kw)

https://www.math.ku.edu/~matjohn/Teaching/S | 6/Math95 | /HilbertSchmidt.pdf



Eigenhomers
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Dirichlet Energy

Vf,Vf ) dA

. Elf]
s.t. f\aQ =g
J Af= 0

non-smooth f(x) ! solution Af =0 “Lapoce

nnnnnnnnnnnnnnnnn

mages made by E.Vouga



Proof

We use variational method to derive.

1
Lagrangian: LLf]= 5,[<Vf’ Vi) + J A@)(f(x) — g(x)

0Q

So

SLIf1=LLf+ 8kl —LIf] = J

Q

(Vf,VcSh)+J

0Q

2()5h(x) = | [

0Q

5h(Vf-ﬁ’)—[

Sh(V - Vf)} + [ A(x)5h(x)
Q

0Q

In the interior of Q, Af =0 sothat 6L[f] =0 forany oh

Note: in the derivation we ignored the second-order infinitesimal term O(||5A|%)
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Discrete Laplacian



Our Focus

fe COO(M)—A—>Af e C™(M)

The Laplacian



Recall: Planar Region

Wave equation:




Discretizing the Laplacian




Problem

Laplacian is a differential
operator!

R .




A Principled Approach to
Connect Continuous & Discrete Objects

First-order Galerkin

Finite element method (FEM)

http://www.stressebook.com/wp-content/uploads/2014/08/Airbus_A320_k jpg



Integration by Parts to the Rescue

/ fAgdA = boundary terms — / Vf-VgdA
Q Q

A GUIDE

INTEGRATION BY PPRTS:

GIVEN A PROBLEM OF THE FORM:
/ fgx)dx =7
CHOOSE VARIABLES W AND v SUCH THAT:

2 W= flx)
QCR
NOW THE ORIGINAL EXPRESSION BECOMES:
f udv=7

WHICH DEFINITELY LOOKS EASIER.
ANYWAY, T GOTTA RUN.
BUT GOOD LUCK!

https://xkcd.com/1201/



Slightly Easier?

/ fAgdA = boundary terms — / Vf-VgdA
Q Q ¢t




Slightly Easier?

/ fAgdA = boundary terms — / Vf-VgdA
Q Q ¢t

Kinda-sorta cancels out!



()verview:Galerkin FEM Approach

g=A4f
— [vgaa= [varaa=— [(vo-vi)aa



L2 Dual of a Function

-f:M%R
|
B 2R

£lg) = /Mf(x)g(:v) 1A

|

“Test function”



Observation

{ 1 iftela,b]

0 otherwise

Can recover function from dual



Dual of Laplacian

pace of test functions:

{ge L=(M) : glonr = 0}
Laflg] :/ gAfdA
M

:—/ Vg-VfdA
M

Use Laplacian without evaluating it!



Galerkin’s Approach

Choose one of each:

*Function space

e fest functions

Often the same!



One Derivative is Enough

Laslg] / Vg VfdA



Representing Functions




What Do We Need

A

Laflg] = —/M Vg-VfIdA

V

Linear combination of hats
(piecewise linear)




What Do We Need

A\

LArlg] = Vg-VfdA

e

One vector per face




What Do We Need

A

Larlg] / VgTVfdA

One scalar per face



What Do We Need

»CAf / VQ VfdA

Sum scalars per face
multiplied by face areas



Gradient of a Hat Function

flvr) =1

f(v2) =0

Linear along edges

Vf°(2}1—?}3):1
Vf'(?]l—vg):1
Vf-n=0



f(v2) =0

Gradient of a Hat Function

vV

flvr) =1

Linear along edges

Vf°(2}1—?}3):1
Vf'(?]l—vg):1
Vf-n=0

v

Vf-(va—v3)=0



Gradient of a Hat Function

flu) =1

1=Vf-: (v —v3)
= [V f||¢3 cos (g — (93)

— HVfHég sin (93
£ b = |Vfl= o =3
fgSiIl@g h

¥



Gradient of a Hat Function

1 1
HVfH B 63 Siﬂ(gg B E
€23
Vi A

Length of e,; cancels
“base” in A

€23



What We Actually Need




What We Actually Need

Coslal = - | B VA

Case |: Same vertex

/T (VF,Vf)dA = A|V]||2

A b
 h2  2h

1
= 5((301:04 + cot )




What We Actually Need

Coslal = - | B VA

Case 2: Different vertices

/T (V fo, V f3) dA = A(V f, ¥ f5)

1, 1 tilacosH
/ A — 4A<€317612> — 1A
2 —h?cosf —hcosf

a 4 A sin asin 3 a 2bsin arsin 8

cos 6 1
= — — = ——cotf
2sin(a + B) 2




Summing Around a Vertex

1
<Vhp7 Vhp> = 5 Z(COt 87 + cot ﬂz)

1

1
W <Vhp7 th> — 5((3013 (91 + cot (92)

q




THE COTANGENT LAPLACIAN

% > . p(cotau, +cot Bi)  ifi=j
Lz’j — —%(cot «;; + cot 57;3') it~
0 otherwise

]



Poisson Equation
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http://nylanderwordpress.com/2006/05/24/finite-element-method-fem-solution-to-poisson%E2%809%99s-equation-on-triangular-mesh/



Eigenhomers

~
’l" ‘. - .'..0‘0 J.\ "‘ .00*0
| T i i
2 3

e
4 5 V4 8 9 10
: .
J-— "l
4.\ /.\:‘
; i N\
A '
A >N
25 100




Point Cloud Laplace: Easiest Option

s
S
|
Q)
P<
o
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g
S

Lf=\Df

“Laplacian Eigenmaps for Dimensionality Reduction and Data Representation”
Belkin & Niyogi 2003
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Applications of Laplacian:
Intrinsic Shape Descriptor



Why Study the Laplacian?

Encodes intrinsic geometry

Edge lengths on triangle mesh, Riemannian metric on manifold

Multi-scale

Filter based on frequency

Geometry through linear algebra

Linear/eigenvalue problems, sparse positive definite matrices

Connection to physics

Heat equation, wave equation, vibration, ...



Example Task: Shape Descriptors

Pointwise quantity



Isometry Invariance: Hope

http://www.flickrcom/photos/melvinvoskuijl/galleries/72 157624236 1 68459



Descriptor Tasks

* Characterize local geometry
Feature/anomaly detection

* Describe point’s role on surface
Symmetry detection, correspondence



Descriptors We’ve Seen Before

1 1
K = Ki1kg = det II H = 5(:‘4}1 + K,Q) — itr]I

http://www.sciencedirect.com/science/article/pii/S00 104485 10001983

Gaussian and mean curvature



Desirable Properties

* Distinguishing

Provides useful information about a point

e Stable

Numerically and geometrically

e Intrinsic

No dependence on embedding

Sometimes
undesirable!



Intrinsic Descriptors

Invariant under

* Rigid motion

* Bending without stretching



Intrinsic Descriptor

Theorema Egregium

(“Totally Awesome
Theorem”):

Gaussian curvature is
Intrinsic.

K = k1Ko = det Il

http://www.sciencedirect.com/science/article/pii/S00 104485 10001983

Gaussian curvature



End of the Story?

Second derivative quantity



End of the Story?

http://www.integrityware.com/images/MerceedesGaussianCurvature.jpg

Non-unique



Desirable Properties

Incorporates neighborhood
information in an intrinsic fashion

Stable under small deformation



RQO@“Z Connection to Physics

ou _
ot

Heat equation

—Au



Intrinsic Observation

Heat diffusion patterns are not
affected if you bend a surface.



Global Point Signature

| ¢ o we .
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\/Tlgbl(p)a A~

GPs(p) :—

“Laplace-Beltrami Eigenfunctions for Deformation Invariant Shape Representation”
Rustamoyv, SGP 2007



Global Point Signature

A a ; ,\ M
v od wve e o S o .
. [ )
" .‘ . -.. '-! -
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GPS(p) i= (= 01(0),~ = a(p), ~ = a(o). -

If surface does not self-intersect, neither
does the GPS embedding.

Proof: Laplacian eigenfunctions span ; if GPS(p)=GPS(q), then all functions on would be
equal at p and q.



Global Point Signature

by L
v 4 .‘.." L ‘ ' LA
" .' - 1 .
2 3 4 5 6 7 8 9 IO

GPS(p) := (—\/%—1%(19),—\/%qbz(p),—\/%—gqbs(p)w--

GPS is isometry-invariant.

Proof: Comes from the Laplacian.



RQO@“Z Connection to Physics

ou _
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Heat equation
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Heat Kernel Map

Heat Kernel Map kM (p, )
‘“\*\ A

. 0.3
time ¢

HKM,(z,t) := ki(p, )

How much heat diffuses from p to x in time t?

One Point Isometric Matching with the Heat Kernel
Ovsjanikov et al. 2010



Heat Kernel Map

Heat Kernel Map kM (p, x)

. 0.3
time ¢

HKM,(z,t) := ki(p, )

Theorem: Only have to match one point!

One Point Isometric Matching with the Heat Kernel KAIN
Ovsjanikov et al. 2010




