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Recap



Unit Normal



Gauss Map for Surface

http://mathworld.wolfram.com/images/eps-gif/UnitSphere_800.gif

http://mathworld.wolfram.com/images/eps-gif/UnitSphere_800.gif


Gauss Map for Surface

Image from Wikipedia



Shape Operator



Normal Curvature

http://www.solitaryroad.com/c335.html

Drawing by Adrian Butscher

http://www.solitaryroad.com/c335.html


Computation 
(continuous case)



Differential in Coordinates
In coordinates, the differential is simply the exterior derivative:

f

U
Pushforward of a vector field:

E.g., at u=v=0:
X(0,0)

df(X)(0,0)

u v



Some Rules

Definition:∇X f = Xf

Xf = (
2

∑
i=1

Xi ∂
∂ui

)f =
2

∑
i=1

Xi ∂f
∂ui

1.

2. Definition:∇X ⃗y = ∇X(y1, y2, y3) = (∇X y1, ∇X y2, ∇X y3) = (Xf1, Xf2, Xf3)

3. Definition:dY(X) = ∇X ⃗y

Weingarten map:dN(X) = ∇X ⃗n

Leibniz rule:∇X⟨ ⃗y , ⃗z⟩ = ⟨∇X ⃗y , ⃗z⟩ + ⟨ ⃗y , ∇X ⃗z⟩4.

∇X ⃗y = ∇Y ⃗x  for ⃗x = dϕ(X) and ⃗y = dϕ(Y )

∇X ⃗y = ∇Xdϕ(Y ) = ∑ Xi ∂
∂ui

(∑
∂ϕ
∂uj

duj ∑ Yk ∂
∂uk

) = ∑
i, j

XiYj ∂2ϕ
∂ui∂uj

5.

Proof: 

6. Second fundamental form: II(X, Y ) = ⟨dN(X), dϕ(Y )⟩ = ⟨∇X ⃗n , ⃗y ⟩
Note that ∇X⟨ ⃗n , ⃗y ⟩ = ⟨∇X ⃗n , ⃗y ⟩ + ⟨ ⃗n , ∇X ⃗y ⟩ and ⟨ ⃗n , ⃗y ⟩ = 0

 so ⟨∇X ⃗n , ⃗y ⟩ = − ⟨ ⃗n , ∇X ⃗y ⟩ = − ⟨ ⃗n , ∇Y ⃗x ⟩ = ⟨∇Y ⃗n , ⃗x ⟩
 II(X, Y ) = II(Y, X),  i.e., the second fundamental form is a symmetric bilinear form



• Assume parameterization is represented as 
f : U → ℝ3

Normal Curvature

κN(X) :=
⟨df(X), dN(X)⟩

∥df(X)∥2



Normal Curvature Example



Shape Operator Example

Consider a pair of directions X = x1
∂
∂u

+ x2
∂
∂v

 and Y = y1
∂
∂u

+ y2
∂
∂v

df(Y ) = (−y1 sin(u), y1 cos(u), y2)

dN(X) = (−x1 sin(u), x1 cos(u),0)

A(X, Y ) = ⟨dN(X), df(Y )⟩
= ⟨(−x1 sin(u), x1 cos(u),0), (−y1 sin(u), y1 cos(u), y2⟩
= x1y1 sin2(u) + x1y1 cos2(u) = x1y1

= [x1, x2][1 0
0 0] [y1

y2]

Gauss curvature: 0 
Mean curvature: 0.5



Exercise (I)



Exercise (II)



Theorema Egregium

• The Gaussian curvature of a surface can be expressed 
by the length on the surface only, i.e., it is intrinsic



Hessian Matrix And Gauss Curvature Example

•



Computation 
(discrete case)



Challenge on Meshes

http://upload.wikimedia.org/wikipedia/commons/f/fb/Dolphin_triangle_mesh.png

Curvature is a  second 
derivative,  but 

triangles are flat.

http://upload.wikimedia.org/wikipedia/commons/f/fb/Dolphin_triangle_mesh.png


Standard Citation



Taubin Matrix



Taubin Matrix

■Eigenvectors are 𝑁, 𝑇1, and 𝑇2
3 1 1 3■Eigenvalues are 𝜅1 + 𝜅2 and 𝜅1 + 𝜅2

            8 8 8 8



Taubin’s Approximation



Divided difference  approximation



The volume and surface area descriptor

•


