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• Understand the structure of  the surface 
– Properties: smoothness, “curviness”, important 

directions 

• How to modify the surface to change these properties 

• What properties are preserved for different 
modifications 

• The math behind the scenes for many  geometry 
processing applications

Motivation



Motivation

• Smoothness 
➡  Mesh smoothing 

• Curvature 
➡  Adaptive simplification

➡  Parameterization



Motivation

• Triangle shape 
➡  Remeshing

• Principal directions 
➡  Quad remeshing



Differential Geometry

• M.P. do Carmo: Differential Geometry of Curves and  
Surfaces, Prentice Hall, 1976

Leonard Euler (1707 - 1783) Carl Friedrich Gauss (1777 - 1855)



Differential Geometry: Surfaces



Differential Geometry: Surfaces

• Continuous surface

• Normal vector 

– assuming regular parameterization, i.e.



Normal Curvature



Normal Curvature



Surface Curvature

• Principal Curvatures 
– maximum curvature 

– minimum curvature

• Mean Curvature 

• Gaussian Curvature



Principal Curvature

Euler’s Theorem: Planes of principal curvature are orthogonal 

and independent of parameterization.



Curvature



Gauss-Bonnet Theorem

For ANY closed manifold surface with Euler number 
χ=2-2g:

∫K( ) = ∫K( ) = ∫K( ) =4π

35



Gauss-Bonnet Theorem
Example

■ Sphere 
■ k1 = k2= 1/r 

■ K = k1k2 = 1/r 2

■ Manipulate sphere 
■ New positive + negative curvature 

■ Cancel out!



High-Level Questions

http://pubs.rsc.org/is/content/articlelanding/2013/cp/c3cp44375b

http://pubs.rsc.org/is/content/articlelanding/2013/cp/c3cp44375b


Frenet Frame: Curves in ℝ3

■Binormal: 𝑻 × 𝑵
■Curvature: In-plane motion
■Torsion: Out-of-plane motion

Theorem:

Curvature and torsion determine  
geometry of a curve up to rigid motion.



Can curvature/torsion  
of a curve help us  

understand surfaces?



Unit Normal



http://mesh.brown.edu/3DPGP-2007/pdfs/sg06-course01.pdf

Normal map from curve to S1

http://mesh.brown.edu/3DPGP-2007/pdfs/sg06-course01.pdf




http://mathworld.wolfram.com/images/eps-gif/UnitSphere_800.gif

http://mathworld.wolfram.com/images/eps-gif/UnitSphere_800.gif


Linear map of tangent spaces

Image from Wikipedia



Where is the

derivative of N?
Spoiler alert: TpS





http://www.solitaryroad.com/c335.html

Drawing by Adrian Butscher

http://www.solitaryroad.com/c335.html


Validate by yourself if interested

Means that

Ap(V, W) = − ⟨DNp(V ), W⟩ = − < V, DNp(W)⟩

In matrix form,

Ap(V, W) = VTJW J symmetric



𝜿𝟏, 𝜿𝟐 eigenvalues of Ap; 𝑻𝟏, 𝑻𝟐 eigenvectors of Ap



Image courtesy K. Crane, CMU



http://www.sciencedirect.com/science/article/pii/S0010448510001983

http://www.sciencedirect.com/science/article/pii/S0010448510001983


http://www.aliasworkbench.com/theoryBuilders/TB7_evaluate3.htm

http://www.aliasworkbench.com/theoryBuilders/TB7_evaluate3.htm


Theorem:

A smooth surface is determined up to  
rigid motion by its first and second  

fundamental forms.



Curvature  
completely determines  
local surface geometry.



http://graphics.ucsd.edu/~iman/Curvature/

http://graphics.ucsd.edu/%7Eiman/Curvature/


Linear Surface Reconstruction from Discrete Fundamental Forms on Triangle Meshes
Wang, Liu, and Tong

Computer Graphics Forum 31.8 (2012)



Triangular Surface Mesh Fairing via  
Gaussian Curvature Flow

Zhao, Xu
Journal of Computational and Applied

Mathematics 195.1-2 (2006)



http://www.cs.rutgers.edu/~decarlo/pubs/npar07.pdf

Highlight Lines for Conveying Shape
DeCarlo, Rusinkiewicz

NPAR (2007)

http://www.cs.rutgers.edu/%7Edecarlo/pubs/npar07.pdf


Anisotropic Polygonal Remeshing
Alliez et al.

SIGGRAPH (2003)



http://upload.wikimedia.org/wikipedia/commons/f/fb/Dolphin_triangle_mesh.png

Curvature is a  second 
derivative,  but 

triangles are flat.

http://upload.wikimedia.org/wikipedia/commons/f/fb/Dolphin_triangle_mesh.png






■Eigenvectors are 𝑁, 𝑇1, and 𝑇2
3 1 1 3■Eigenvalues are 𝜅1 + 𝜅2 and 𝜅1 + 𝜅2

            8 8 8 8





Divided difference  approximation


