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LAPLACIAN MESH EDITING



Our Goal

Edit a surface while retaining its visual appearance



• Smooth deformation
• Smooth transition
• Preserve relative local directions of 

the details
• Minimal user interaction
• Interactive time response

T

Editing a surface while retaining its visual 
appearance



• Differential coordinates are defined for triangular mesh 
vertices

Differential Coordinates
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Why differential coordinates?

■ They represent the local detail / local shape 
description
• The direction approximates the normal
• The size approximates the mean curvature
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• Transforming the mesh to the differential 
representation:

• Note that , where rank(M) = n − 1 n = #V

Laplacian reconstruction
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Laplacian reconstruction
• Thus for reconstructing the mesh from the Laplacian 

representation: 
 add constraints to get full rank system and therefore 

unique solution, i.e. unique minimizer to the functional 

 where  is the index set of constrained vertices,  are weights 
and  are the spatial constraints.
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Laplacian reconstruction

   
 The use of Laplacian (differential) representation 

and least squares solution forces local detail 
preserving



Edit a Surface While Retaining its Visual Appearance

Original surface
The details are 

deformed
The details shape 

is preserved



Rotated Laplacian reconstruction

• We’d like to perform deformation which preserves the 
detail orientation and shape: 

• We’d like to estimate the target shape Laplacians



Rotated Laplacian reconstruction

• The Laplacians are translation invariant:

( )( ) ( )m mL T P L P=

Lj(P) Lj(P)



Rotated Laplacian reconstruction

• Laplacians are not rotational invariant (they represent 
detail with orientation)

• Note that the Laplacian operator commute with linear  
rotations :

))(())(( PLRPRL mm =

Lj(P)
L′ j(P)

R



Rotated Laplacian reconstruction
• Therefore we get: 

• So all we need is to estimate the local rotations.
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Rotated Laplacian reconstruction
• In summary we have the following steps: 
•  

1. Reconstruct the surface with original Laplacians: 

2. Approximate local rotations  

3. Rotate each Laplacian coordinate                by     

4. Reconstruct the edited surface: 
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GENERAL DISCRETE GRAPH LAPLACIAN 
(NOTATIONS)



The Graph View of Data



Social Networks



Adjacency Matrices



• Adjacency matrix (A) 
• n x n matrix 
•              : edge weight between vertex xi and xj

x1 x2 x3 x4 x5 x6

x1 0 0.8 0.6 0 0.1 0

x2 0.8 0 0.8 0 0 0

x3 0.6 0.8 0 0.2 0 0

x4 0 0 0.2 0 0.8 0.7

x5 0.1 0 0 0.8 0 0.8

x6 0 0 0 0.7 0.8 0

• Important properties:  
– Symmetric matrix 
⇒ Eigenvalues are real  
⇒ Eigenvector could span orthogonal base
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Weighted Matrices



Functions on Graphs
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Operators and Quadratic Forms
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Graph (Unnormalized) Laplacian
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• Laplacian matrix (L) 
• n x n symmetric matrix

• Important properties: 
– Eigenvalues are non-negative real numbers (Gershgorin circle theorem) 
– Eigenvectors are real and orthogonal 
– Eigenvalues and eigenvectors provide an insight into 

the connectivity of the graph…

L = D - A
x1 x2 x3 x4 x5 x6

x1 1.5 -0.8 -0.6 0 -0.1 0

x2 -0.8 1.6 -0.8 0 0 0

x3 -0.6 -0.8 1.6 -0.2 0 0

x4 0 0 -0.2 1.7 -0.8 -0.7

x5 -0.1 0 0 0.8- 1.7 -0.8

x6 0 0 0 -0.7 -0.8 1.5
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Laplacian Matrix



Laplacian Defines Natural Quadratic Form of 
Graphs



Undirected Weighted Graphs



GENERAL DISCRETE GRAPH LAPLACIAN 
(SOME PROPERTIES)



Connected Graph Laplacians



A Graph with k Connected Components



The Eigenspace of λ = 0
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The Fiedler Vector
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λ2 = algebraic 
connectivity, 
monotone under graph 
inclusion

Laplacian Eigenvectors for Connected Graphs



Some Special Graphs

The hypercube on  vertices. The vertices are elements of . 
Edges exist between vertices that differ in only one coordinate.

2k {0,1}k



Complete Graph



Star Graph



Hypercube Graph

• Exercise


